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Scientific Machine Learning

Physics Informed Machine Learning
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Figure: New Era of Machine Learning: Balance between Data and Theory.
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Physics-Informed Neural Network?3

@ PINNSs integrate PDE constraints into deep learning

PDE: L(u(x,t),0) =g
NN(w, b) Y N h

|
MSE = MSE(, sc1c) + MSEg |

Figure: Schematic of PINN, where the loss function of PINN contains a mismatch
in the given data on the state variables or boundary and initial conditions. The
hyperparameters of PINN can be learned by minimizing the total loss

L = MSE;c + MSEgc + MSEg.
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Motivation

@ Time-dependent PDEs are essential for modeling physics and
engineering phenomena.

@ Training PINNs on stiff time-dependent PDEs is often unstable.
@ Key question: Why do PINNs often fail to train stably on stiff PDEs?

e Key challenge: propagating information from initial conditions (ICs).
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Main Contributions

o ldentify IC enforcement as critical for PINN stability.
@ Provide theoretical analysis (well-conditioning + NTK perspective).
@ Ablation Studies on 7 stiff PDEs, 2D Allen—Cahn, sensitivity studies.

2Hao, B., Braga-Neto, U., Liu, C., Wang, L., & Zhong, M. (2024). Stability in Training PINNs for Stiff PDEs: Why Initial
Conditions Matter. arXiv preprint arXiv:2404.16189.
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Methodology

PDE setup: u; +P(u) = f on (0, T] x Q.
Hard constraint transformation:

a(t, x) = (t,x) + o(t, x)unn(t, x),

with (0, x) = uo(x), #(0, x) = 0 ensuring exact IC satisfaction.

Training reduces to minimizing PDE residual only.

Standard PINN loss combines:

L= Lic/gc + Lr.

HC-PINN loss:

L = LR.
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Well-Conditioning of the Transformation

Key Idea

If 1), p are smooth and (0, x) # 0, the transformation is well-posed.

@ Hard-constraint transformation requires mild regularity:

o 1, ¢ are smooth (C! in t and K-order in x).
o ¢+(0,x) # 0 ensures no blow-up at t = 0.

@ Then u,, still satisfies a well-posed PDE.

@ The transformation introduces a stabilizing “reaction term” and
updated forcing. Initial conditions are built in, ensuring stable PINN
training.

o ie, ¢(t,x) =1— e with ¥(t,x) = e~ “ug(x).
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Why Initial Conditions Matter?

Stiff PDEs evolve on widely varying time scales.

Explicit solvers struggle — stability hinges on initial conditions.

Hard ICs enforce the time direction in training, reducing spectral bias.

Mimics traditional numerical solvers (exact ICs at t = 0).

Behaves like an implicit time integrator — more stable.
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How Hard Constraints Work — NTK View

@ Under NTK linearization:
0=-Vol, i(z)~—K(60)V.L,
where K is the NTK matrix.
@ Soft case: Loss = IC + PDE residual. Residual dynamics:

s s
© Decay depends on the smallest eigenvalue of K?, sensitive to imbalance
between IC and PDE parts (“spectral bias”).
© Hard case: IC removed via transformation, residual = PDE only:
i =—K"r,
decay depends only on a single kernel K"

© Conclusion: Hard constraints collapse multi-block NTK spectrum into one
block = faster & more stable decay, reduced spectral bias.
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Results
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Figure: Benchmark Results: Truth vs HC-PINN vs Absolute Error.
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Results: Comparison

Causal training (MLP)* Enhanced RBA!  HC-PINNs

AC (Case 1) 6.95 x 102 262x107% 829 x10°*
AC (Case Il) 1.78 x 1072 1.08 x 1073 214 x 1074
CH 3.49 x 1071 0.83 x 1072 5.61 x 10~*
KS 2.72 x 1071 3.64 x 1072 5.37 x 10~*

Table: Relative L2 errors after 50k training iterations. All methods are
implemented under the same 50k iteration.

@ HC-PINNs achieve much lower errors with fewer iterations.
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Results: 2D Allen-Cahn

Exact u(x,y) Predicted u(x,y)

Figure: Reference, HC-PINN predicted solution, and absolute error of the 2D Allen
Cahn equation at different time snapshots (a) t =0, (b) t=0.5, (c) t =1.
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Sensitivity Analysis
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Figure: Sensitivity of HC-PINNs to the number of Fourier modes m in the
Allen—Cahn equations. The plot shows the relative L2 error as a function of m.

@ Stable for small m, deteriorates when m exceeds threshold.

@ For the decay rate C in ¢ and ¢ , we compared C € {1,0.1} and
conducted ablation studies for each benchmark.
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Conclusion

@ Enforcing ICs via hard constraints is essential for stable PINN
training on stiff PDEs.

@ Ablation studies for HC-PINNs and comparison with other methods
across diverse benchmarks.

@ Sensitivity analysis on key hyperparameters.

@ Future work: Higher dimensions, optimal transformations, efficiency
improvements.
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